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Abstract-In the later stages ofa creep rupture process, a number ofmicro-cracks form at grain
boundary facets normal to, or nearly normal to, the maximum principal tensile stress. Then
the grains can be pulled apart by a mechanism involving grain boundary sliding together with
dislocation creep of the grains. An axisymmetric model problem is formulated, by which some
features of this final separation process can be studied, and the model is analysed numerically.
Free sliding on the grain boundaries is assumed, and different boundary conditions are used in
the analyses to simulate a variety of situations. The calculated times for separation by this
process of grain boundary sliding are compared with times required for cavitation on grain
boundary facets.

I. INTRODUCTION

Creep rupture in polycrystalline metals at high temperatures tends to occur as inter
granular fracture. This type of failure begins by the formation of small grain boundary
voids, which grow by diffusion as well as by dislocation creep of the surrounding
material (see Needleman and Rice[l], Cocks and Ashby[2], Sham and Needleman[3]).
When the cavities on a grain boundary facet have grown to coalescence, a micro-crack
is formed, and finally failure occurs as such micro-cracks link up.

Creep experiments show that cavitation occurs mainly on grain boundary facets
normal to the maximum principal tensile stress direction (Hull and Rimmer[4], Tramp
czynski et al.[5], Dyson et al.[6]). The time interval from the moment at which the
cavities nucleate on a facet until they link up is often a significant part of the material's
lifetime. As noted by Dyson[7], the cavity growth rate determining this rupture time
is constrained by the creep rate of the surrounding grains. The increase of the creep
rupture time for a grain facet, due to the creep constraint on diffusive cavity growth,
has been estimated by Rice[S]. In cases where creep growth of cavities plays a role,
as well as diffusive growth, rupture times for grain boundary facets have recently been
calculated by Tvergaard[9].

Grain boundary sliding gives a significant contribution to the total strain in most
polycrystalline metals at elevated temperatures. Sliding at a boundary involves diffusive
motion of atoms, accompanied by a migration of the boundary, as has been described
by Ashby[lO]. Modelling this atom flow leads to a linearly viscous expression for the
shear stress along the grain boundary in terms of the rate of sliding. Grain boundary
sliding can be markedly reduced by introducing alloying elements, which form con
centrated solutions or precipitates at the grain boundary[10, 11]. The effect of grain
boundary sliding on steady-state creep in polycrystalline metals has been analysed
numerically by Crossman and Ashby[l2] and Ghahremani[13], with the deformations
inside the grains represented as power law creep, and grain boundary sliding repre
sented as linearly viscous.

With an increasing density of micro-cracks formed by cavitation on grain boundary
facets normal to the maximum principal tensile stress direction, the steady-state creep
behaviour is gradually replaced by tertiary creep, where the macroscopic strain rates
keep increasing. At this stage, the failure process can· proceed by cavity growth on
adjacent grain boundaries inclined to the maximum principal stress, by a mechanism
that mainly relies on the opening of the microcracks due to grain boundary sliding, or
by a combination of these mechanisms.
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In the present study, the grain boundary sliding mechanism of final failure will be
investigated by calculating rupture times for various model problems. In these model
problems it will be assumed that shear stresses on the grain boundaries relax so rapidly
that sliding can be considered completely free (zero viscosity), and since creep defor
mations of the grains are necessary to pull them apart by sliding at the boundaries, the
rupture time is determined by the rate of creep inside the grains. One motivation for
calculating these times is that the mechanism analysed is an integral part of tertiary
creep, and that in some materials the tertiary creep stage represents a significant portion
of the total lifetime. Knowing the times required for this kind of failure, it is possible
to roughly identify the circumstances in which failure by cavitation on the grain bound
aries considered would precede failure by sliding off.

2. PROBLEM FORMULATION

The axisymmetric model problem illustrated in Fig. l(a) is used to study some of
the effects involved in pulling grains apart by grain boundary sliding. The initial stage
in this analysis is taken to be the situation where a micro-crack with radius Ro has just
been formed by coalescence of cavities. One half grain is represented by the truncated
cone emanating from the edges of the micro-crack, and the external ring of material is
taken to represent a number of grains surrounding the central grain of the model. Since
free grain boundary sliding is assumed, the central grain is only kept attached to the
surrounding ring of material by normal stresses on the conical grain boundary.

This axisymmetric model is mainly designed to study the interaction between the
central grain and the surrounding material. The model is not able to give a detailed
representation of the grains in the external ring of material, but it will be assumed that
some of the axial load is transmitted directly through the external ring, so that only
part of the load on the region analysed has to be carried by the normal stresses on the
conical grain boundary.

The initial geometry of the model is specified by the radius Ao and the height Bo,
which are taken to represent characteristic spacings between open micro-cracks in the
material. The initial dimensions of the central grain are given by the radius Ro of the
facet at the open micro-crack and the radius Co in the central cross-section ofthe grain.
In the cylindrical reference coordinate system shown in Fig. l(a) the axial coordinate,
the radius and the circumferential angle are denoted by Xl, x2 and x3, respectively. The
displacement components on the reference base vectors are Ii and the nominal traction
components on a surface are denoted by 'r.

The boundary conditions used in most of the calculations to be presented are

TI = T2 = T3 = 0, at Xl = 0, °S x2
S Ro

u l = 0, T2 = T3 = 0, at Xl = 0, Ro S x2 S Ao

u2 = Vn, TI = T3 = 0, at °s Xl S Bo, x2 = Ao

u l = Vx, T2 = r 3 = 0, at Xl = Bo,°S x2
S Co

ul = VIII, T2 = T3 = 0, atx l = Bo, Co S x2 sAo.

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

The three constants Vx, Vn , and VIII are displacements illustrated in Fig. l(b). The
values of these displacements at a given time are determined such that the average
true stresses 0'1 and 0'2 in the axial and radial direction, respectively, are as specified.
Corresponding to the three displacements VI, Vn and VIII, three forces are defined
by

(2.6)
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Fig. 1. Axisymmetric model problem. The grain boundary facet with radius Rois an open micro
crack, and only the hatched region is analysed.

and in terms of these forces, the average true stresses are given by

(2.7)

where A = Ao + Vn and B = Bo + VI are the current radius and height, respectively,
of the region analysed. The load resulting in the stresses 0'1 and 0'2 is applied at the
initial stage (at time t = 0), and subsequently these average stresses are kept fixed.

The uniform displacement Vm on the top of the external ring of material is used to
approximate the average effect of having some micro-cracks at the top facets of the
surrounding grains (if there were no micro-cracks here, Vm = VI should be specified,
whereas Vlll < VI is expected if some of these grain boundaries have cracked). The
force Fm is taken to be

(2.8)

so that the value of the parameter a gives an indication of the degree of cracking on
the top of these surrounding grains (a = 0 if all the top of the external ring is part of
an open crack).

The freely sliding behaviour at the grain boundary is described approximately in
terms ofa layer oflinear elastic springs. Thus, tangential stresses on the sliding surfaces
are neglected and the true stress 0'n normal to the current orientation of the grain
boundary is taken to be

O'n = kd (2.9)

where d is the distance between the surfaces of the two grains sliding against one
another, and k is the spring stiffness. Allowing for a non-zero distance d gives an
inaccuracy, which is kept very small by using a large stiffness k. Here, the stiffness k
= 6.67 E/Ao (where E is Young's modulus) is found sufficiently large to obtain a good
approximation by (2.9).

Continuity of the displacements in the direction normal to the sliding grain boundary
should actually be prescribed, rather than the fictitious springs (2.9). However, in the
numerical solution (see Section 3) the two sides of the sliding boundary are described
as piecewise linear, and with this assumption, continuity of the normal displacements
would not permit any curvature of the grain boundary, except when nodal points are
exactly opposite one another. Such unrealistic constraints are avoided. by using (2.9),
with a reasonable choice of the stiffness k.

The material inside the grains is taken to deform by power law creep in addition to
elastic deformations. Pulling the grains apart by grain boundary slidiJJa gives rise to
large strains, which are accounted for in the Lagrangian formulation of the field equa
tions to be employed here.
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The Lagrangian strain, in terms of the displacement components ui on the reference
base vectors, is given by

(2.10)

where ( ).i denotes covariant differentiation in the reference frame, indices range from
1to 3, and the summation convention is adopted for repeated indices. The contravariant
components i J of the Kirchhoff stress tensor on the embedded deformed coordinates
are defined in terms of the Cauchy stress tensor elJ by

(2. II)

where G and g are the determinants of the metric tensors Gij and giJ in the current
configuration and in the reference configuration, respectively.

The steady creep behaviour of the material inside the grain is taken to follow Norton's
law, generalized to multiaxial stress states[14]

.c 3. (O',,)n-I Sij
T)ij = - E.o - -

2 0'0 0'0
(2.12)

where Eo and 0'0 are reference strain-rate and stress quantities, n is the creep exponent,
and (') denotes differentiation with respect to time. The stress deviator t J = -riJ 

GijTZ/3 and the effective Mises stress 0'" = (3sijtJ12)1/2 are specified in terms of Kirchhoff
stresses, since the elastic volume changes are small (see discussion in [9]).

The total strain-rate iJij is taken to be the sum of the elastic part iJ& and the creep
part iJ5, with the elastic part given by

(2.13)

Here, E is Young's modulus, v is Poisson's ratio, and :f.k' is the Jaumann rate of the
Kirchhoff stress tensor

(2.14)

The inverse of the elastic relationship (2.13) is written as ~ij = ?RiJk1iJf;, with ?RiJkl de
noting the elastic instantaneous moduli, and thus the constitutive relations accounting
for creep are of the form

(2.15)

The average value of the normal stress O'n on the conical grain boundary (in the
initial stage) is directly given by equilibrium in the axial direction

(2.16)

The stress level and thus the creep rate in the model problem are much affected by
the value of this average stress. Therefore, it is important to note that this stress value
is strongly sensitive to the angle of inclination 1\1 of the conical grain boundary, with
(O'n)av - 00 for 1\1- o.
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3. NUMERICAL METHOD

A linear incremental method is used to solve the axisymmetric model problem il
lustrated in Fig. l(a). The equations governing the stress increments A-r'j == +iJAt, the
strain increments ATJiJ == TJiJAt. etc. during the time increment At are obtained by
expanding the principle of virtual work about the current state, using (2.10). To the
lowest order the incremental equation is

Iv {A,.iJ8TJiJ + TiJAu~8ukJl dV = Is A Ti8ui dS - [Iv TiJ8TJiJ dV - Is Ti8ui dS]

(3.1)

where V and S are the volume and surface, respectively, of the body in the reference
configuration, and the terms bracketed in (3.1) are included to prevent drifting of the
solution away from the true equilibrium path.

The incremental equation (3.1) includes contributions from the layer of springs (2.9)
used to approximate the freely sliding behaviour at the grain boundary, although these
terms are not specifically written out.

The mesh used in the incremental finite-element solution consists of quadrilaterals,
each built up of four linear displacement triangular elements. Most calculations are
carried out with 8 x 6 quadrilaterals in the central grain and 8 x 6 quadrilaterals in
the surrounding ring of material. For a case with BolAo = 0.577, RolAo == 0.333 and
ColAo = 0.667 (and thus", = 30°) the initial mesh is shown in Fig. 2. A few calculations
were carried out with a cruder mesh (4 x 3 and 4 x 3 quadrilaterals), which gave good
agreement with strain rates found by the finer mesh at the earlier part of the process,
but slightly higher total rupture times. On this basis the mesh in Fig. 2 is considered
sufficient for the present analyses.

It is noted that the nodal points on each side of the conical grain boundary surface
coincide in Fig. 2; but subsequently these nodal points slide along the elements on the
opposite side of the grain boundary. In each increment the layer of springs (2.9) is
represented in terms of special finite elements along the grain boundary.

A forward gradient method proposed by Peirce et al.[15] is used to increase the
stable step size in the incremental solution. The basic idea in this method is to express
the effective creep strain rate, eC = eo(CT"ICTo)n, by a linear interpolation between the
rates at time t and t + At, respectively, using a Taylor series expansion to estimate
the value of the rate at time t + At. The equations resulting from this procedure have
been given in [9] and shall not be repeated here.

The boundary conditions specified in terms of (2.1)-(2.8), for prescribed average
true stresses CTI and CT2, are enforced in the numerical solution by application of a mixed
finite-elementJRayleigh Ritz method (see also [9, 16]).

Fig. 2. Typical mesh used in numerical analyses.
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4. RESULTS

Numerical results will be presented here mainly in the form of diagrams showing
the average logarithmic strains E.! == In(l + VI/Bo) and E.2 == In(l + Vn/Ao) versus
time. All times are normalized by a reference time tR == CTe/(Ef.~), where CTe == I CTI 
CT2 I is the average effective Mises stress and f.~ == Eo(CTe/CTo)n is the corresponding
effective creep strain-rate. In all cases considered the creep exponent is taken to be n
= 5, Poisson's ratio is v == i and BolAo = 0.577. Then, in most ofthe cases, where
Ro/Ao == 0.333 and ColAo == 0.667 are used, the cone angle is '" == 30°.

In Fig. 3 the average true stresses are specified by CTIIE = 4 . 10-4 and CT2/CTI == t
so that the average effective Mises stress is CTe/E == 2 . 10-4 • In (2.8) the value ex == 1
is assumed, indicating a rather high degree of cracks on the top of the grains modelled
by the external ring of material. The cone angle is '" == 30°, with Ro/Ao == 0.333 and
ColAo == 0.667.

Figure 3 shows that the rate of growth oie t is rather constant in a wide intermediate
range of the process. Just before final failure, this strain-rate increases strongly, as the
grains are pulled apart. On the other hand, the rate of change of the average radial
strain E2 remains nearly constant throughout the whole process, with no significant
changes near the point of final failure. The decaying strain-rates in the initial· stage
result from geometry changes and from a relaxation of elastic stress peaks that differ
from the stress distribution in the steady state. One of the geometry effects is that the
rate of radial contraction of the external ring of material decays, as the radius decreases
and the cross-sectional area increases.

Figure 4 shows deformed meshes at four different stages, Et == 0.010, El == 0.245,
E} == 0.414 and El == 0.586, of the creep curves illustrated in Fig. 3. In the early stages
the macroscopic deformations result mainly from compressive hoop strains in the ex
ternal ring of material that is pulled in to a smaller radius by the normal stresses on
the sliding grain boundary. This mode of deformation is counteracted by the prescribed
external radial stress CT2, so that a higher value of CT2 would slow down the creep process.
The final stage, at which the creep-rate El grows very large, is just about to begin in
Fig. 4(c) and Fig. 4(d) shows that this final stage is characterized by more local de
formations near the remaining contact area on the conical grain boundary. It is noted
from Fig. 4(c) that the grains are still only half separated at a stage where nearly all
the lifetime has gone.

In Figs. 5 and 6 the same analysis is repeated for ex = 3 and ex == 0, corresponding
to fewer micro-cracks on the top of the surrounding ring of grains or to a completely
cracked top, respectively . From (2.16) it is seen that, relative to Fig. 3, the average
normal stress (CTn)av on the conical grain boundary is divided by 2 in Fig. 5 and multiplied
by 2 in Fig. 6. Thus, if the stress level is mainly determined by (CTn)av, the strain-rates
should be divided or multiplied by 2n == 32 in the two figures, and the rupture times
should be multiplied or divided by 2n • In fact the ratios between the rupture times in
Figs. 3, 5 and 6 are not exactly 2n

, but the order of magnitude is right.

10o

0.4

~ ,-----~------,

0.6

Fig. 3. Average logarithmic strains vs. time for a = I, ulIE = 4· 10-4, u21u, 0.5 and \l! '" 30°.
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Fig. 4. Deformed meshes corresponding to a = I, e11/E = 4· 10-4, (12/(11 = 0.5 and ljI = 30·.
(a) £1 = 0.010, (b) El = 0.245, (c) £1 = 0.414, (d) £1 =0.586.
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Fig. 5. Average logarithmic strains vs. time for a = 3. (1,IE = 4· /0-4. (121(11 = 0.5 and'" = 30·.
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Fig. 6. Average logarithmic strains vs. time for a =0, at!E "" 4 . 10-4 , a2/al =0.5 and'" = 30·.
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It may be noted here that a plane strain model analogous to the present axisymmetric
model would give quite different results. For a planar, hexagonal array of grains, with
micro-cracks formed at all grain facets normal to the maximum principal tensile stress,
and with free sliding at the remaining grain boundaries, separation by sliding would
occur immediately without any deformation of the grains. Such separation with rigid
grains is not possible for the axisymmetric model, which attempts to incorporate some
of the geometrical constraints in an actual three-dimensional array of grains.

In Fig. 7 the material is subj~cted to a uniaxial stress state, O'\IE ::::: 2 . 10- 4 and 0'2

::::: 0, so that the values of the average effective Mises stress O'..IE and the reference
time tR are unaltered relative to the previous figures. Since a ::::: 3 is used in Fig. 7,
comparison is made with Fig. 5. The average normal stress (O'n)av in Fig. 7 is half the
value of Fig. 5, due to the smaller value of 0'1; but the rupture time is only about 1.5
times larger (not 2n ), because 0'2 ::::: 0 does not counteract the contraction of the ring.
The central grain remains nearly undeformed in the present case, whereas large com
pressive hoop strains and large axial strains develop in the external ring of material.

The influence of the stress level is considered in Fig. 8, where O'\IE ::::: 10- 4
,0'2 /0'1

::::: ! and a ::::: 1. Thus, all stresses are ! the values in Fig. 3, all strain-rates are multiplied
by 2- n

, and the reference time tR is multiplied by 2n -\. In agreement with this, the
creep curves shown in Fig. 8 are indistinguishable from those in Fig. 3, apart from the
two times larger values of tltR. It is also expected that the other figures shown here
are good approximations for stress levels multiplied by a factor k, if the values of tltR
are divided by k.

In Fig. 9 the influence of the grain geometry is studied, as represented by the cone
angle 1jI. Here, the stresses are given by 0'\1E ::::: 2 . 10-4

, 0'2/0'\ ::::: ! and a ::::: 1, as in
Fig. 3; but the geometry differs by the values Ro/Ao ::::: 0.417 and ColAo::::: 0.583,
corresponding to IjI ::::: 16.1°. According to (2.16) the average normal stress (O'n)av on
the conical grain boundary is increased by a factor of 2 in Fig. 9, relative to Fig. 3,
and tanljl is reduced by a factor of 2. Then the macroscopic axial strain-rate should
increase by a factor of roughly 2n

+) ::::: 64, and the actual increase seen in Fig. 9 is 2
to 3 times this factor. As expected, the value of the angle IjI has a very significant effect
on the rate of separation of the grains by grain boundary sliding. Two stages of the
sliding process, at £1 ::::: 0.068 and £} ::::: 0.447, are illustrated by the deformed meshes
in Fig. 10.

In a number of cases it has been mentioned that some of the differences in the
macroscopic strain-rates are connected with differences in the average normal stress
(O'n)av on the grain boundary. To get a little more insight in some of the main mechanisms
of the problem, a much simplified model has been analysed in the Appendix and com
pared with the numerical results.

1.0.-----~----~----~-_,

E

0.8

0.6

0.4

0.2

0110::::=-------"-----:-'-:------::-::----:--'o 100 200 300 tltR

Fig. 7. Average logarithmic strains vs. time for a = 3, '71/£ = 2· 10-', '72 = 0 and IjJ = 30°.
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Fig. 8. Average logarithmic strains vs. time for a = I, C1,IE = 2· 10-4
, C121C11 = 0.5 and iii = 30°.

t r-----~---_,

0.6

0.05

Fig. 9. Average logarithmic strains vs. time for a = I, C1 IIE = 4 . 10- 4
, Cl21C11 = 0.5 and iii = 16.1°.

Fig. 10. Deformed meshes corresponding to a = I, ClIIE = 4· 10-\ Cl21C11 = 0.5 and iii ==
16.1°. (a) £J = 0.068, (b) El = 0.447.

The mode of deformation seen in the previous figures, in which the external ring is
pulled in to a significantly reduced radius, can be considered representative of a rather
dense population ofperiodically distributed micro-cracks. However, ifthe micro-cracks
are mainly concentrated near a given plane perpendicular to the xl-axis, with essentially
no cracks at a distance of more than one grain diameter from this plane, large radial
contraction-rates are not possible. In such circumstances the overall radial strain-rate
will be constrained to equal that in the uncracked material, whereas all the grains along
the plane are free to pull apart in the axial direction by grain boundary sliding. To
model this situation in a material with prescribed average stresses 0'1 and (12, eqn (2.7b)
is replaced by the prescribed radial strain-rate

(4.1)

corresponding to the radial creep strain-rate in an uncracked material, with a.. = Iat
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Fig. II. Average 19arithmic strains vs. time for a = 3, uIIE = 4· 10- 4
, u2/ul = 0.5,1/1 = 30°

and the special boundary condition (4.1).

0'2 I. In the axial direction the force components still satisfy (2.8), and are related
to 0'1 by (2.7a).

In Fig. 11 the condition (4.1) is applied to a material with prescribed average stresses
O'I/E = 4 . 10-4, 0'2/0'1 = 1and ex = 3, corresponding to the case considered in Fig.
5. The constant radial strain-rate enforced by (4.1) is about 0.1 times that found in Fig.
5, which increases the rupture time by a factor of 3.7. Two deformed meshes in Fig.
12, at EI = 0.067 and EI = 0.241, illustrate the somewhat different mode of deformation
resulting from the requirement of (4.1). It is seen that radial expansion of the central
grain plays a much bigger role here than found in the previous figures.

The condition (4.1) has also been applied for ex = 0, as shown in Fig. 13. In this
case the low radial strain-rate (4.1) increases the rupture time by a factor 6.5, relative
to Fig. 6. The average normal stress (O'n)av on the conical grain boundary is four times
larger in Fig. 13 than that of Fig. 11. Thus the strain-rates should increase by a factor
of roughly 4n = 1024. The rupture time found in Fig. 11 is, in fact, about 1000 times
larger than that of Fig. 13.

In the last case analysed, an attempt is made to account for some further geometric
constraints between the adjoining grains. When the central grain is pulled out of the
external ring, the top of this truncated cone has been considered free of any radial
forces in the previous calculations, as is seen in Figs. 4, 10 and 12. However, in reality
these grains are in contact with other neighbouring grains in a way which is not easily
included in the axisymmetric model. The extra constraint on the central grain

x2 + U2 ::5 Co + V1V

I + V1V = 1 + Vn

Co Ao

(4.2)

with the displacement V1V defined in Fig. 14, attempts to model some of these extra
limitations on the geometry. The radial surface tractions are integrated over the part

I b)

I
I
It

Fig. 12. Deformed meshes corresponding to ex = 3, uliE = 4· 10- 4
, uz/al = 0.5,1/1 = 30° and the special

boundary condition (4.1). (a) EI = 0.067, (b) EI = 0.241.
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Fig. 13. Average logarithmic strains vs. lime for IX = O. CT1/E = 4 . 10- 4
• IJ2/CT. = 0.5. '" = 30· and thc

special boundary condition (4.1).

~
Dl: UI
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Un !
~

Fig. 14. Mode of deformation with the extra constraint (4.2). The definition of the displacement
UIV is indicated.
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0
0 t/'R 15

Fig. 15. Average logarithmic strain vs. time for IX = I, CTIIE = 4' 10-\ CT2/CTI = 0.5, '" = 30·
and the extra constraint (4.2).

of the central grain swface, where the constraint (4.2) is active, to yield the total radial
force component FlV • Furthermore, we here choose to define the average radial stress
0'2 by the expression

0'2 = (Fu + FlV)(21TAB) - I (4.3)

rather than the expression (2.7b) used above. Apart from (2.7b) the boundary conditions
(2.1)-(2.8) are employed.

Figure 15 shows a result obtained with the extra constraint, for stresses ailE = 4
. 10-4

, 0'2/0'1 = t and a = 1, corresponding to the case of Figs. 3 and 4. The effect of
the constraint (4.2) is that the top of the central grain is compressed in the radial
direction, so that the resulting mode of deformation appears as indicated in Fig. 14,
instead of the pattern shown in Fig. 4. It is seen in Fig. 15 that the macroscopic strain
rates are reduced by the constraint, relative to those in Fig. 3, and the rupture time is
increased by a factor 1.37.

The macroscopic strain-rates found in the present analyses have been compared
with expressions derived by Hutchinson[17], for a creeping solid containing a number
of penny-shaped micro-cracks normal to the maximum principal stress. For a high
density of penny-shaped cracks, corresponding to a crack at each grain facet normal
to the maximum principal stress, the strain-rates are increased by a factor of about 2
4, relative to the uncracked solid. The present axisymmetric model analyses show
increases by much larger factors, of the order of 20 for a = 3 and 200 for a = 1. Thus,
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grain boundary sliding adds significantly to the effect of cracks opening, as would be
expected.

5. COMPARISON WITH GRAIN BOUNDARY CAVITATION TIMES

The model analyses presented in Section 4 are taken to start at a stage where a
micro-crack with radius Ro has just been formed by coalescence of cavities. The com
puted times for separation of the grains by grain boundary sliding will be denoted here
by ts. The values of these times found in the present analyses range from tsltR = 0.035
in Fig. 9 to tsl tR = 805 in Fig. 11.

The total failure time also includes the time for nucleation of cavities on the grain
boundary facet, and the time for growth of these cavities until coalescence results in
the micro-crack. Cavity growth by the interaction of grain boundary diffusion and
dislocation creep of the surrounding material has been studied in detail by a number
of authors[l, 2, 3], and these growth models have been used to study creep constrained
cavitation of grain boundary facets[8, 9]. The time gone from the moment at which the
cavities are nucleated until they coalesce is here denoted by teo and in the followirig
some te values obtained in [9] will be compared with the values of ts calculated in the
present paper.

The rate of diffusive growth of cavities is controlled by the grain boundary diffusion
parameter

(5.1)

where DB'OB is the boundary diffusivity, n is the atomic volume and kT is the energy
per atom measure of temperature. Needleman and Rice[l] have represented qn in terms
of a parameter

(5.2)

that acts as a stress- and temperature-dependent length scale. Here, (1e is the effective
Mises stress remote from the void, and E.~ is the corresponding effective creep strain
rate. The voids are assumed to grow in the quasi-equilibrium spherical-caps shape (see
[1,8]), with void radius a and spacing 2b, so that (alb)2 is the area fraction of grain
boundary which is cavitated. It was shown by Needleman and Rice[l] that the ratio
alL characterizes the growth mechanism, so that diffusion dominates completely for
alL smaller than about 0.1, whereas dislocation creep plays an increasing role for larger
alL values.

The coupled diffusion and creep growth of cavities on a grain boundary facet has
been analysed in [9]. Figure 16 shows cavity coalescence times te obtained in [9], based
on an extension of the model introduced by Rice[8]. This curve is obtained for alibi
= 0.1, bIlRo = 0.1, (121(11 = 0.5 and (111E = 4 . 10-4

, where ( h denotes the initial
value of a quantity. It is seen that teltR increases significantly for higher values of all
L I • The asymptotic value teltR = 118 in Fig. 16 for small values of aIlL I corresponds
to the situation, where growth is entirely constrained by creep. Without this creep
constraint, the cavities would grow much faster for small allLh and tel tR would ap
proach zero in this range, as shown by Needleman and Rice[l]. The asymptotic value
of teltR' valid in the creep constrained range, is proportional with bllRo (see Rice[8])
so that more closely spaced cavities relative to the grain size would give shorter growth
times.

The normalized times teltR given in Fig. 16 correspond to (111E = 4 . 10-4
; but

Young's modulus affects only the reference time tR, since the model used to obtain
the curve is independent of elasticity. Thus, if all stress levels relative to Young's
modulus are multiplied by a factor k, the curve in Fig. 16 is still valid, with leltR divided
by k. Also IsltR is divided by k if the stresses are multiplied by the factor k (see discussion
of Fig. 8), so that comparison of Is and Ie does not depend on the stress level. However,
L decreases for increasing stresses according to (5.2), so that the relevant value of the
parameter allL1 increases with the stress level.
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Fig. 16. Times tc for cavity growth to coalescence on a grain boundary facet. when aIlE = 4
. 10-4

, Based on results obtained in (9).

The model used to obtain Fig. 16 does not incorporate sliding on the grain boundaries
adjacent to the cavitating grain facet, but inclined to the direction of the maximum
principal tensile stress[9]. However, recent computations by the author indicate that
free sliding on these adjacent grain boundaries will tend to reduce the growth times Ie
by a factor of about i to t relative to the times given in Fig. 16.

Comparing the cavity growth times Ie in Fig. 16 with the times Is required for final
separation by sliding, it is seen that the final separation process may take a significant
part of the total lifetime. This is true if the micro-cracks are rather sparse, so that ex
= 3 (as in Figs. 5 and 11) or even a higher value of ex gives the most realistic description
by the present model. On the other hand, more closely spaced micro-cracks at grain
facets should be better represented by ex = 1 (as in Figs. 3 or 15), and here it seems
that the separation time Is will be small compared to Ie; dependent on the relevant
values of the parameters allL), bllRo, etc.

In a real polycrystaIline material, cavities will nucleate earlier on some grain bound
ary facets than others. Likewise some micro-cracks will appear rather early, and sub
sequently the number of micro-cracks formed by cavity coalescence will keep increas
ing. The first isolated micro-cracks will open up rather slowly, corresponding to
prescribing VI = VIII on the top of the model problem (Fig. 1); but subsequently, as
more cracks form, the separation times corresponding to ex = 3 become relevant. At
a final stage, with closely spaced cracks, the calculations for ex = 0 could represent
the rapid separation of the last grains.

The possibility of cavity growth on the sliding grain boundaries inclined to the di
rection of the macroscopic maximum principal tensile stress has not been discussed
so far in the present paper. However, with free grain boundary sliding the normal tensile
stresses on the grain boundary are relatively large, and locally these stresses represent
the maximum principal stress. The average normal stress (2.16) on the grain boundary
ranges from somewhat below to somewhat above the prescribed stress 0'1 in the cases
considered here, and the relevant cavity growth times should be represented by curves
analogous with that of Fig. 16. Somewhat shorter growth times than those in Fig. 16
would be expected for small values of aiILI , though, since the given average stress
(2.16) on the inclined grain boundaries leaves less possibility of a creep constraint on
cavity growth.

For relatively large values of aIILI , say larger than 0.33, and still assuming alibI =
0.1 on the sliding grain boundaries, the order of magnitude of the cavity growth times
shown in Fig. 16 indicates that the separation of grains by grain boundary sliding will
occur faster than cavity coalescence on the sliding boundaries. However, for small all
L), say smaller than 0.1, the cavity growth is so rapid that the time to coalescence on
the sliding grain boundary can be much shorter than the time Is required for separation
by sliding. A more precise comparison would require an analysis of the interaction
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between sliding and cavity growth on the sliding grain boundaries; but the present
considerations give at least an indication. Thus, it can be expected that the computed
separation times ts are mainly relevant in the regime where dislocation creep gives a
noticeable contribution to cavity growth, as is often the case at relatively high stress
levels. In the regime where diffusional cavity growth dominates completely, much
smaller separation times should be expected than those predicted by sliding alone.

If the viscosity in the sliding grain boundaries was not neglected, as has been done
in the present analyses, the separation times ts would be higher than the values cal
culated here. Also the cavity growth times tc for a grain boundary facet normal to the
maximum principal stress would increase, and the same effect is expected for cavity
growth times on the sliding grain boundaries, since the non-zero shear stresses on these
interfaces will reduce the normal stresses. Thus, incorporating a grain boundary vis
cosity would be expected to increase all parts of the total failure time discussed here.
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APPENDIX

A much simplified version of the model problem illustrated in Fig. 1, with the boundary conditions (2.1)
(2.8), will be analysed here. The purpose is to try to extract some of the main mechanisms of the numerical
model.

Fig. AI. External ring and central cylinder in contact at radius Rio as assumed in the simplified
model.
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The model in the initial stage is analysed here a! a centnll~yliftieti With -radius R I .. (Ro + Co)/2, and
a ring with mean radius R2 .. (R1 + Ao)l2; see Fig. AI. Both in the cylinder and the ring, uniform stress
states are assumed, representing averages of the actual stress distributions. and the corresponding creep
strain-rates are found. Finally, the radial displacement rates on the surfaces with radius R1 are used to
determine the rate of sliding on the actual grain boundary with the angle of inclination Ill.

The specified average stresses are 0"1 and 0"2, and the relation 0"1 = FlO + a)(1fA5)-1 follows from (2.7a)
and (2.8). The nonna! tensile stress O"b on the inside of the ring and on the outside of the cylinder is the
average effect of the radial component of the force transmitted over the grain boundary. The result is

(A.I)

where the average normal stress (O"n).v on the actual, conical grain boundary is given by (2.16).
The uniform stress state assumed in the central cylinder is

(A.2)

From these stresses the values of the stress deviators sf and the Mises stress 0"; are determined, and the
corresponding strain-rates are

for j .. I, 2, 3. (A.3)

(A.4)

In the ring the axial stress is taken to be the average of that at the top and that at the bottom, the radial
stress is taken as the average of those at the inner and outer radii, and the circumferential stress is given by
equilibrium

of = (! ) Fl of =~ ...R .. 0"2Ao - O"bRt
1 2 + a 1f(A5 _ Ri) ,2 2' U3 Ao - R1 •

In terms of the corresponding stress deviators sf and Mises stress ~, the strain-rates Ef are given by
expressions analogous with (A.3).

Now, with the approximations made above, the radial displacement-rates on the outside of the cylinder
and the inside of the ring, respectively, are

and the external displacement-rates, defined in (2.3) and (2.4), are

th = (iF - i,(I)/tan III + Bo (Ef + Ef)
2

Un = R2Ef + i(Ao - R dEf.

(A.S)

(A.6)

. (A.7)

In Table Al the macroscopic strain-rates EI .. UI/Bo and E2 = Un/Ao, predicted by this simple model,
are compared with the numerical results obtained in Section 4, for all cases in which the same boundary
conditions (2.1)-(2.8) are employed. The numerically found strain-rates decay in the initial stage, as has been
discussed in Section 4; but the values after a small amount of straining, tl .. 0.02, are chosen in Table AI.
At this small strain the initial geometry is still well approximated, while most elastic stress peaks seem to
have been relaxed. The numerical results in Table Al are rather well represented by the simple model in all
cases. Thus, it seems that the simple model can be used to obtain a roup estimate of tbe creep-rates to be
expected. It should be noted, thoup, that the strain-rates found numerically drop to values around or less
than half of those shown in the table, at somewhat larger strains.

In order to check the influence of various terms it has been tried to only include the first terms on the
ri&ht-band-sides of eqns (A.Sb), (A.6) and (A.7). For the case of FiB. 3 this reduces EI by a factor 0.78 and
increases IE2 I by a factor of 1.2. As would be expected, the first term in (A.6) plays a central role in
representing the effect of the grain boundary sliding.

S1IIlple model Numerical result at
&1 • 0.02

t1~ -c2t R t 1t R
I

-c2~

Fig. 3 0.139 0.030 0.120 0.021

Fig. S 0.00456 0.00131 0.00424 0.0('126

Fig. 6 7.53 1.44 6.13 1.20

Fig. 7 0.00654 0.00170 0.00609 0.00159

Fig. 8 0.0699 0.0152 0.0598 0.0132

Fig. 9 17.3 1. 76 14.7 1.51

Table AI. Initial strain-rates from simple model compared with numerical results.


